ON GENERALIZED QUASI-SASAKI MANIFOLDS 



CHRISTOF PUHLE 

Abstract. We study 5 -dimensional Riemannian manifolds that admit an almost 
contact metric structure. In particular, we generalize the class of quasi-Sasaki man- 
ifolds and characterize these structures by their intrinsic torsion. Among other 
things, we see that these manifolds admit a unique metric connection that is com- 
patible with the underlying almost contact metric structure. Finally, we construct 
a family of examples that are not quasi-Sasaki. 
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1. Introduction 

An almost contact metric manifold is an orientable Riemannian manifold (M 2k+1 , g) 
of dimension 2k + 1 such that there exists a reduction of the structure group of or- 
thonormal frames of the tangent bundle to the unitary group U (k) (see [11]). Conse- 
quently, these manifolds represent the odd- dimensional analog of almost complex 
manifolds. As shown in [14, 15], an almost contact metric structure on (M 2k+1 ,g) 
can be equivalently defined as a triple , t], cp) consisting of a vector field £ of length 
one, its dual 1-form rj and an endomorphism (p of the tangent bundle satisfying 
certain relations (see section 2 for details). There are many special types of almost 
contact metric manifolds, of which the articles [5, 6, 13] may serve as a general ref- 
erence. In order to characterize these types, it is customary to use differential equa- 
tions involving the so-called fundamental 2-form O and the Nijenhuis tensor N of 
[M 2k+1 ,g, £, r\, cp) (see section 2 for definitions). For example, Sasaki manifolds (see 
[14, 15]) are almost contact metric manifolds such that 

dr] = 2-®, N = 0, 
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whereas cosymplectic manifolds satisfy 

dr] = 0, dO = 0, N = 0. 

Attempting to unify Sasakian and cosymplectic geometry Blair introduced the class 
of quasi-Sasaki manifolds (see [1]). These are defined by 

dO = 0, N = 0. 

In this case, the vector field ^ is automatically a Killing vector field (see [1]). 

Generalizing the class of quasi-Sasaki manifolds (see section 3), the purpose of 
this article is to study almost contact metric 5 -manifolds that satisfy the following 
conditions: 

i) The tensor fields and N vanish on the distribution orthogonal to <!;. 

ii) The vector field £ is a Killing vector field. 

In particular, we are interested in the construction of examples that are not quasi- 
Sasaki. Almost contact metric 5-manifolds that comply with properties i) and ii) are 
called generalized quasi-Sasaki manifolds. 

In dimension 5 (i.e. k = 2), almost contact metric manifolds can be classified with 
respect to the algebraic type of the corresponding intrinsic torsion tensor T (see [8]). 
There are 10 irreducible U(2) -modules W\,... } W w in the decomposition of the space 
of possible intrinsic torsion tensors (see [13]): 

TeW 1 e...eW 10 . 

Therefore, there exist 2 10 = 1024 classes according to this approach. Obviously, most 
of them have never been studied. We review the special types mentioned above, in 
the light of this classification scheme, in section 3: quasi-Sasaki manifolds corre- 
spond to the case re^efs, cosymplectic manifolds are characterized by T = 0, 
and generalized quasi-Sasaki manifolds correspond to the class W 3 © W4 © W 5 © W 7 
(see proposition 3.1). Moreover, the considerations of section 3 (esp. theorem 3.1) 
ensure that any generalized quasi-Sasaki manifold admits a unique metric connec- 
tion V c that is compatible with the underlying almost contact metric structure, i.e. 

V c £ = 0, V c ?7 = 0, V> = 0. 

Viewed as a (3,0) -tensor field, the torsion tensor T° of the connection V c is totally 
skew- symmetric if and only if T £ W3 © © W 5 , and T c is traceless cyclic (i.e. con- 
tained in the third Cartan class; see section 3 for details) if and only if T e W 7 (see 
proposition 3.2). 

In [13], the author presents explicit examples of almost contact metric 5-mani- 
folds whose intrinsic torsion tensors are of type 

Wi,W 2 ,W 3 ,W 5 , W 6 , W 8 , W 9 , W 10 . 

However, the only known almost contact metric structure of class W4 © W7 is neither 
of class W 4 nor of class W 7 , it is a so-called nearly cosymplectic structure constructed 
on the 5-sphere (see [2]). Examples with 



TeW 4 , T 
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are not only interesting in order to complete the list of examples in [13] . They would 
contradict proposition 3.1 in [10] (cf. proposition 2.1 and remark 2.1). Moreover, 
structures of this type would admit a totally skew- symmetric Nijenhuis tensor N ^ 
(see theorem 3.1 together with propositions 2.1 and 3.2). 

From section 4 onward, we concentrate on almost contact metric structures of 
class W 4 © W 7 . These generalized quasi-Sasaki manifolds are not quasi-Sasaki and 
can be characterized (see theorem 4.1) by 

Ntf.X, Y)=2-dT](X, Y). 

Moreover, we determine the following invariance property of the exterior derivative 
dr\ (see proposition 4.2): 

dr){<p{X),(p{Y)) = -dT){X, Y). 

This property enables us to construct a family M 5 {a\, a 2 , a 3 , a 4 ) of almost contact 
metric 5-manifolds of class W^W-i depending on four real parameters a\, a 2 , a 3 , a 4 , 
a\a 4 = a 2 a 3 (see section 5). These are submanifolds of 6-dimensional Lie groups 
G{a\, a 2 , CI3, a 4 ). We are able to identify the latter in those situations where at least 
one of the parameters a\,...,a 4 is zero (see propositions 5.2, 5.3 and 5.4 together 
with remark 5.1). For example, if a\ + a\ ^ and a 3 = a 4 = 0, G{a\, a 2 , a 3 , a 4 ) is 
locally isomorphic to S 3 x S 3 (see proposition 5.2). As a result, the 5-dimensional 
Stiefel manifold (see [16]) admits an almost contact metric structure of class W 4 that 
is not cosymplectic (see example 5.1). 

Also, we study the metric connection V c of the generalized quasi-Sasaki manifold 
M 5 (ai, a 2 , a 3 , a 4 ). In this case, the holonomy group of V c is U(l) (see theorem 5.1,c)). 
Consequently, there exist two spinor fields that are parallel with respect to V c (see 
theorem 5. l,e)). 

2. Almost contact metric 5-manifolds 

We first introduce some notation. Let [M 2k+1 ,g] be a Riemannian manifold of di- 
mension2A;+l. An almost contact metric structure on (M 2k+1 ,g) consists ofavector 
field £ of length one, its dual 1-form 77 and an endomorphism </> of the tangent bun- 
dle such that 

<ptf) = 0, <p 2 = -Id + 77®£, g[(p(X), ( p(Y)) = g(X,Y)-r 1 (X)r 1 (Y). 

Equivalently, these structures can be defined as a reduction of the structure group 
of orthonormal frames of the tangent bundle to the Lie group U (A;) (see [11, 14, 15]). 
The fundamental form O of an almost contact metric manifold [M 2k+1 ,g,£,,rf,(p) is a 
2 -form given by 

<D(X, Y):=g{X,cp{Y)). 

In the exterior algebra, O satisfies 77 a O fc ^ 0. Consequently, there exists an oriented 
orthonormal frame [e\, . . . , e^+i) realizing 

= ei Ae 2 + ... + e 2k -i Ae 2k , t] = e 2k+ i 
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at every point of M 2k+1 . Here and henceforth, we identify TM 2k+1 with its dual 
space using g. We call [e\, . . . , e 2 k+\) an adapted frame of the almost contact metric 
manifold. The connection forms 

^j^gi^e^ej) 

of the Levi-Civita connection V g with respect to [e\, . . . , e 2 k+i) define a 1-form 

I l J)l<i,j<2k+l 

with values in the Lie algebra 50 (2 k + 1). We define the intrinsic torsion T of the 
almost contact metric manifold as 

r(X):=pr u(jfc) ± {nHx)). 

Here, pr u(fc) ± denotes the projection onto the orthogonal complement uik) 1 of the 
Lie algebrau(A:) inside [so(2k + l),(x,y) = -(1/2) -tr(xoy)), 

50(2A;+l) =u(A;)©u(fc)- L . 

Viewed as a (3, 0) -tensor field, the Nijenhuis tensor N of [M 2k+l , g, £, 77, <p) is defined 
by 

N(X, Y,Z):=g [X, [<p, <p](Y,Z)) + ri (X) drj (Y,Z), 
where [q>, q>] is the Nijenhuis torsion of ip, 

[<p,<p] {X, Y) = [<p {X),(p{Y)\ + (p 2 {[X, Y]) -(p[[<p{X),Y])-<p[[X,<p{Y)]) 
= (KtxM W ~ (Vj (y) ?) (X) + q> ((V* <p) (X) - {V 8 x <p) ( Y)) , 
and the differential da and the co differential 8 a of a differential form a are given by 
da — ^ ei a vf ; a, 5a = -^ejjVf.a. 

We conclude JV g A 1 ® A 2 denoting by A 1 and A 2 the spaces of 1- and 2-forms, re- 
spectively. The space 

*/:= A 1 ® A 2 

splits into three irreducible 0(2fc + l)-modules (see [4]), 

sd = sd\ © s$ 2 © ^3, 

and a tensor field A e &d is said to be 

• vectorial if A e &i\ , or equivalently if there exists a vector field V such that 

A(X, Y, Z) = g(X, Y)g(Z, V) - g(X, Z)g(Y, V). 

• totally skew-symmetric if A e srf 2 , or equivalently if 

A(X, Y,Z) + A(Y,X,Z) = 0. 

• traceless cyclic if A £ ^2/3, or equivalently if 

A(X, F, Z) + Z, X) + A(Z, X, Y)=0, £ A{e it e u X) = 0. 
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We then specialize to the 5-dimensional case, i.e. k = 2. In this situation, the space 

TV := A 1 ^u(2) ± 

of possible intrinsic torsion tensors splits into 10 irreducible U(2)-modules (cf. [13]): 

TV = Wi®...®W w . 

We say that an almost contact metric 5-manifold is of class TV^®...® TVi j if 

TeTV il ®...®W ij . 

Moreover, (M 5 , g, rj, cp) is of strict class TV^ © ... © TVij if it is of class TV^ © . . . © TVjj 

and r,-j ^ Ti j ^ denoting by r ! - 1 ,...,rj j . the components of T in Wi 1 ,...,TVi j , 

respectively. Almost contact metric 5-manifolds with r = are called integrable. 
Consequently, there exist 2 10 = 1024 classes according to this approach. Obviously, 
many of them neither have been studied nor carry any name. We present some of 
the established types of almost contact metric structures. An almost contact metric 
manifold is said to be 

• normal (see [14, 15]) if its Nijenhuis tensor vanishes. 

• semi- cosy 'mplectic (see [5]) if 

50) = 0, 5ri = 0. 

• almost cosymplectic (see [12]) if 

d<D = 0, dr] = 0. 

• cosymplectic (see [1]) if it is normal and almost cosymplectic, or equivalently 
if it is integrable. 

• quasi-Sasaki (see [1]) if it is normal and 

d<D = 0. 

• nearly cosymplectic (see [2]) if 

[V 8 x <p) (X) = 0. 

• quasi-cosymplectic (see [6]) if 

(v» m + (vj m<P ) fam) = i? (n ■ vj m f . 

Moreover, we introduce those U(2) -sub modules of TV which are relevant for the pur- 
pose of this article. The Hodge operator * is U(2)-equivariant, and the space of 2- 
forms 

A 2 = A^ © A\ © A3 © A4 
decomposes into four irreducible U(2) -modules: 

A 2 := {f-0| teU], 

A 2 := {/3e A 2 |Oa^ = 0, *p = <nAp}, 
Aj:={peA 2 \ */3 = -r ? A i S}, 
A 2 :={ i 6GA 2 |77A^ = 0}. 



6 CHRISTOF PUHLE 

The dimensions of these modules are 

dim (A 2 ) = i, 

and we identify 50 (5) with A 2 , 

u(2) = A 2 ©A 2 , u(2) 1 = A 2 ©A 2 . 

With the aid of the U(2)-equivariant maps 

<9:A 2 -^, d{p)(X,Y,Z):=*P(X,Y,Z), 

€>:A 2 -^, e{p){X,Y,Z):=3ri(X)fi(Y,Z)-*fi(X,Y,Z) 

and the projection pr r : sd — TV , 

pr r (a®/3):=a®pr u(2) ± (j8), 

we are able to describe the following irreducible U(2)-submodules of TV: 

W 3 = Ww {6{K\)), r 4 = pr r (0(A 2 )) = 0(A 2 ) ) r 5 = pr r (0(A 2 )) ) 
F 6 = pr r [9 (A 2 )) , W 7 = pr r [d (A 2 )) = (A 2 ) . 

The Riemannian covariant derivatives of £ , 77, </? and O, together with the Nijen- 
huis tensor N, can be expressed in terms of the intrinsic torsion (see [13]): 

g (V* £ 7) = (V|7y) (F) = (V|(D) (f , <p (F)) , 

g((v|<p)(r),z) = (v|*)(z > r) > 

TV (X, F, Z) =(vj (y) *) (X, Z) - (VJ (Z) «B) (X, 7) + (Vf cD) ( y (X) , z) 

- (V§0) (</> (X) ,Y)+t] (X) (V* O) (<f , <p (Z)) - 77 (X) (V|0) <p ( Y)) , 

(V|0) (Y, Z) = £ T (X) (e u Y) O (e u Z)-T (X) (e u Z) <D (e,, Y) . 

i 

We denote by (•) the system of equations above. Using this system, one can imme- 
diately check the following proposition. 

Proposition 2.1. An almost contact metric 5 -manifold [M 5 ,g, <f , rj, (p) is of class 

a) #3©#4©^5©% if and only if its Nijenhuis tensor N is totally skew-symmetric 
and £ is a Killing vector field. 

b) Ws®W 5 ®W e if and only if its Nijenhuis tensor N is totally skew-symmetric and 

Remark 2.1. Consequently any non-integrable (T ^ 0) example of class W4 would 
contradict proposition 3.1 in [10]. 
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3. Generalized quasi- Sasaki manifolds 

Introduced as an attempt to unify Sasakian and cosymplectic geometry (see [1]), 
quasi-Sasaki manifolds (M 5 ,g,£, rj,ip) satisfy 

N = 0, dO = 0, 

and ^ is a Killing vector field with respect to g. Motivated by these three properties, 
we define a generalized quasi-Sasaki manifold [M 5 ,g,^,q,(p) as an almost contact 
metric 5-manifold such that the following hold: 

i) The equations 

N(X, Y, Z) = 0, dO{X, Y,Z) = 

are satisfied for any X, Y, Z orthogonal to £ . 

ii) The vector field ^ is a Killing vector field with respect to g. 

Proposition 3.1. An almost contact metric 5-manifold is a generalized quasi-Sasaki 
manifold (resp. quasi-Sasaki manifold) if and only if it is of class TVj, © © W$ © Wi 
(resp. class W 3 © W 5 ). 

Proof. The proof of the second statement can be found in [13] . Let (M 5 , g, £, rj, (p) be 
a generalized quasi-Sasaki manifold. Then, we have 

g[V 8 x S,Y) + g[V 8 Y S,X) = 0, N{(p(X),(p(Y),(p(Z)) = 0, d®{ip(X),(p(Y),(p(Z)) = 0. 
With the aid of system (•), we compute 

g (V*f , Y) + g (V* X) = (V JO) [S,<p{Y)) + (V* O) («f , <p{X)), 

N[<piX),<piY)MZ)) =(V^ 2(F) 0) [<p{X),<p{Z)) ~ [V^z)®) W(X)MY)) 

= - (V* O) (<p(X), <p(Z)) + (V§0) [<p(X),<p(Y)) 

+ 77(F) (V*<D) [<p{X),<p{Z)) -1(Z){V 8 <J>) {(p(X),(p(Y)) 
+ r 1 {X) (vj (y) fl>) «, V (Z)) -77(X) (vj (z) <&) (f, V (Y)) 

and 

+ (v{ tZ) <i>)( < pm.<P(y)). 

This, together with 

(V* O) (7, Z) = £ r (X) (e,, F) O (e,, Z) - r (X) (e u Z) O [fi U Y) , 

i 

completes the proof, since all of our steps are reversible. □ 
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Example 3.1. In [10] , the authors construct a family of quasi-Sasaki 5-manifolds de- 
pending on four real parameters a, b, c, d. These are submanifolds of 6-dimensional 
Lie groups including S 3 x S 3 . From the classification viewpoint above, this family 
realizes class W3 if a = d and b = c = 0, class W5 if a = -d, and strict class W3 © W5 if 
a^ -d and (a - d) 2 + b 2 + c 2 ^ 0. The only known almost contact metric structure of 
class W 4 © W-i is of strict class © W-j , it is a nearly cosymplectic structure constructed 
on the 5-sphere (see [2]). 

We investigate connections with torsion on generalized quasi-Sasaki manifolds. Let 
V be a metric connection on an almost contact metric 5-manifold (M 5 , g, f , rj, (p), i.e. 

g {V X Y, Z)=g {V 8 X Y, Z) + A {X, Y, Z) 
for A g sd. Its torsion tensor T, viewed as a (3, 0) -tensor field, is given by 

T {X, Y, Z) :=g{V x Y-V Y X- [X, Y] , Z) 
=A(X,Y,Z)-A(Y,X,Z). 

Consequently, we have T e A 2 ® A 1 . We say that T is 

• vectorial if A is vectorial, or equivalently if there exists a vector field V such 
that 

T{X, Y, Z) = g{X, V)g{Y, Z) - g{Y, V)g{X, Z). 

• totally skew-symmetric if A is totally skew-symmetric, or equivalently if 

T(X, Y,Z) + T(X,Z, Y) = 0. 

• traceless cyclic if A is traceless cyclic, or equivalently if 

T(X, Y, Z) + T(Y, Z, X) + T(Z, X, Y)=0, £ T(X, e u e-) = 0. 

i 

Moreover, V is said to be compatible with the underlying almost contact metric 
structure if 

V{ = 0, V77 = 0, V(p = 0. 

Theorem 3.1. Any generalized quasi-Sasaki manifold (M 5 ,g,^,rj,(p) admits a unique 
metric connection V c that is compatible with the underlying almost contact metric 
structure. The connection V c satisfies 

g [V c x Y, Z) = g ( V 8 X Y, Z) + X - { {{dri - r ) A T]) (X, Y, Z) - N(X, Y,Z)}, 

where 7 is a 2 -form given by 

Y(X, Y) := (£,</>(X), Y) =N{<p(X),<p(Y),S) . 

Moreover, the torsion tensor ofV° is 

a) totally skew-symmetric if and only ifN is totally skew-symmetric. In this case, 

N(X, Y,Z) + [y A 77) (X, Y,Z)=0. 

b) traceless cyclic if and only ifdrj = 7. In this case, N is traceless cyclic. 
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Proof. Let (M 5 , g, <f , rj, (p) be a generalized quasi- Sasaki manifold. Since £ is a Killing 
vector field, we have 

df]^,X) = (V^)(X) - {V g x t])iO = g(V*f,X) -g(V*f,{) = -2g(vJU) = o. 

As a result, we obtain (cf. [3, chapter IV, equation (6)]) 

2g((v^>) (Y),cp(X)) =d<t>{{,(p(Y),cp 2 (X)) - F ( <p(X)) + (^(ytf) (^ffl) 

=rfO ({, X, <p(7)) - rfO ({, Y,(p(X)) + di] {(p(Y),cp(X)) 
+ dt](X, Y). 

Consequently, 

g((vf<p) m,<p(X)) + g((v^) lX),<p(Y)) = 0. 

This, together with 

d®[t,<p{X)> Y) = (Vfo) [<p(X), Y) - (vJ (X) o) (f, n + (vf. O) (£,(p(X)) 

=g ((v^>) (y),(cffl)+g (vj m f , </>m) + g (v^, x) , 

proves that y is a 2-form, and 

iv(^(X), V (y-),^=g(^(X),y 2 ([ V (y),^])- v ([^ 2 (y),e])) 

=g( ¥ )(X) ) -[^(FU]+?'([F,(])) 

=g (<p(X), -V* (y) £ - (V* <p) (a + (v*<p) (Y)) 

=g{vl (X) t ( p(Y))+g{V 8 Y ^X) + g((v 8 (( p)(Y), ( p(X)) 

We now define the metric connection V c via 

g{V c x Y,Z) :=g{V g x Y,Z) + A c (X, Y,Z), 

A C (X, Y, Z) := - {{[dt] - j) A T]) (X, Y, Z) - N(X, Y,Z)}. 
The connection forms 

of V c define a 1-form 

I l J)l<i,j<5 

with values in the Lie algebra 50 (5). We project onto u(2) L : 

pr u(2)i (n c (X)) = T(X)+ pr r (A c ) (X) . 
A direct computation involving system (•) verifies 

T + pr r (A c ) = 
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and A° £ 9 (A 2 ) © d (A 2 ,) (cf. section 2). Therefore, V c is compatible with the under- 
lying almost contact metric structure. The uniqueness of V c is a consequence of 
the injectivity of pr^ when restricted to 9 (A 2 ) © d (A 2 ,). Any tensor field in 9 (A 2 ) 
(resp. #(A?,)) is totally skew- symmetric (resp. traceless cyclic). Since A c e d{lS^) if 
and only if dr\ = j, we deduce b). Finally a) follows immediately by theorem 8.2 in 
[9] , since 

d^{cp(X),cp(Y),(p{Z)) = 0, 

N(X, Y, Z) = Timmt, Y, Z) -r){Y)N{$, X, Z) + T](Z)N({, X, Y) = (77 A j AO) (X, Y, Z) 

hold for any generalized quasi-Sasaki manifold with totally skew- symmetric Nijen- 
huis tensor N. □ 

Revisiting the proof of theorem 3.1, we conclude the following proposition. 

Proposition 3.2. The torsion tensor of the connection V c is totally skew-symmetric 
(resp. traceless cyclic) if and only if the generalized quasi-Sasaki manifold is of class 
W 3 eW 4 eW 5 (resp. class W 7 ). 

Remark 3.1. Note that the class of quasi-Sasaki manifolds (i.e. the class W 3 © W 5 ) co- 
incides with the class of normal generalized quasi-Sasaki manifolds (cf. proposition 
2.1). Therefore, any non-integrable example of class W 4 (resp. class W 7 ) would admit 
a non-trivial Nijenhuis tensor that is totally skew- symmetric (resp. traceless cyclic). 

4. The class ^4 ©^7 

From now on, we consider almost contact metric 5-manifolds of class W 4 © W-j. To 
begin with, we ask how these generalized quasi-Sasaki manifolds relate to the spe- 
cial types of almost contact metric manifolds introduced in section 2. 

Proposition 4.1. Let (M 5 , g, <f, rj, (p) be a non-integrable almost contact metrics-ma- 
nifold of class W 4 ®W 7 . Then the following hold: 

a) [M 5 ,g,£,ri,(p) is semi-cosymplectic. 

b) (M 5 , g, £, x], (p) is neither normal nor almost cosymplectic. 

c) If(M 5 , g, rj, (p) is nearly cosymplectic or quasi-cosymplectic, then it is of strict 
class W 4 ®W 7 . 

Proof. The results follow directly from the definitions and system (•). □ 

We then characterize the class W 4 © W 7 in terms of differential equations. 

Theorem 4.1. An almost contact metric 5 -manifold [M 5 ,g,^,r],(p) is ofclassW 4 ® W 7 
if and only if it is a generalized quasi-Sasaki manifold such that 

mt.X, Y) = 2-dT](X, Y). 

Moreover, any almost contact metric b -manifold of class W 4 ®W 7 is of class 

a) W 4 if and only ifN is totally skew-symmetric, or equivalently ify = -2 ■ drj. In 
this case, 

N{X, Y,Z) =2 [dt] A 77) (X, Y, Z). 
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b) W-i if and only ifN is traceless cyclic, or equivalently ifj = drj. In this case, 
N(X,Y,Z)=2r](X)dr](Y,Z)+r](Y)dT](X,Z)-T](Z)dr](X,Y). 

Proof. The first statement is a direct consequence of system (•). Let [M 5 ,g,^,t],(p) 
be an almost contact metric 5-manifold of class W4 © W-j. Since 

(*) N({,X,Y) = 2-dr](X,Y) 

and ^jdr] = hold, we have 

r{<p(x),<p(Y)) = d^{iip 2 {x),(p{Y)) = d<f>{$,<pm,x) = - T (x, n 

7 [<p (X) , (p ( Y ) ) = N {(p 2 (X) , (p 2 ( Y ) ,() = - N [X, <p 2 ( Y ) ,() = N (X, Y, . 
Therefore, 

(**) N(X,Y,0 = - T (X,Y), 

and N is totally skew- symmetric if and only if 

ms,x, Y) = - T (x, y). 

By (*), the latter is equivalent to 7 = -2 • drj. Theorem 3.1, a) and proposition 3.2 
complete the proof of a). Suppose N is traceless cyclic. Using (*) and (* *), we com- 
pute 

2 • dt](X, Y) = iV({, X, Y) = -N(X, Y, + N(Y, X, = 2 ■ y(X, Y), 

hence 7 = drj. The remaining statements of b) result from theorem 3. l,b) and propo- 
sition 3.2. □ 

On quasi-Sasaki manifolds, the exterior derivative drj has the following invariance 
property (see [3, chapter IV, equation (5)]): 

dr]((p(X),(p(Y)) = dr](X, Y). 

The situation is similar in the case of class © Wj. 

Proposition 4.2. Let (M 5 , g, r\, (p) be an almost contact metric 5-manifold of class 
W 4 ®W 7 . Then 

di](<p(X),<p(Y)) = -dTi(X, Y). 

Proof. With the aid of theorem 4.1, we compute 
dr](X, Y) =NU,X,Y)-dt](X,Y) 
=g[U<p,<pKX, Y)) 

=g(t, (K(X)<P) W ~ (vj (y) <p) (X) + cp({V g Y cp) (X) - (V 8 x <p) (Y))) 

=s (f , vj m (<pm) - <p (vj m y) - vj (y) [qnxj) + cp (vj (y) x)) 

=-«(v; m ^v(n)+g(v; (y ,<,<p(x)) 

= -dj/(v(X),^(F)). 

□ 
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Remark 4.1. In dimension 5, any 2-form ft satisfies 

' PiX.Y) iff/^eA^eA^ 
P[<p{X),<p{Y)) = < -p{X,Y) iff )SeA| 
iff/JeA*. 

We now consider an adapted frame {e\,...,e$) of an almost contact metric 5- 
manifold (M 5 , g, r\, (p) of class W^®W-i, 

<J> = e\ a e 2 + e 3 a e 4 , 77 = e 5 . 
Applying theorem 4.1 and proposition 4.2, the structure equations yield 

de\ =A\ A 62 + A 2 A 62 + A3 A 63 + A 64 - (2fli + a3)g3 A 65 — (2a2 + #4)64 A 65, 

de2 = - M a ei - A2 a e\ + A3 a e$ - A4 a 63 + {2a\ + a-^e^ a e$ - {2a 2 + a^e^ a e^, 

de 3 =A\ A e 4 - i4 2 A e 4 - i4 3 A ei + A 4 A e 2 + {2a\ + a3)ei A e 5 + (2a2 + a4)^2 A ^5. 

<ie4 = - A\ A e 3 + A 2 a e 3 - A3 A e 2 - ^4 A e\ - {2a\ + a3)e2 A e 5 + (2a2 + 04) ei A e 5 , 

de5 = - 2{a\ - a^iei A 63 - e 2 a 64) -2(«2 _ «4)(^i a 64 + 62 A 63) 

for some 1-forms Ai, . . . , A4 and functions «i, . . . , 0,4. We discuss the integrability of 
this system in the case where a\,...,a4 are constant and A\ = A3 = A4 = 0. The 
corresponding system, 

de\ =A 2 Ae 2 - {2a\ + 0.3)63 A e$ - (2a 2 + a^e^ A e^, 

de 2 — - A 2 A e\ + {2a\ + 0,3) e$ A e$ - (2a 2 + (24) 63 A e$, 

de3 - - A 2 a 64 + (2fli + ^3) e\ a e$ + (2a 2 + a.4) e 2 a e$, 

de4 =A 2 A 63 — (2ai + a 3 )e2 A e$ + (2a 2 + 0,4) e\ A e^, 

de$ = - 2{a\ - a,3){e\ a 63 - e 2 a 64) -2(fl2 _ <^4)(ei a 64 + e 2 a 63), 

will be denoted by O) . A straightforward computation leads to the following lemma. 

Lemma 4.1. Let ai,...,a 4 be constants and A 2 be al-form. Then, system (-k) is inte- 
grable if and only ifaia 4 = a 2 a 3 and 

dA 2 = -2[{a\ - a$) {2a\ + a3) + {a 2 - 04) {2a 2 + 04)) [e\ A e 2 - 63 A e 4 ) . 

5. Examples 

We fix real numbers a\, . . . , a4 such that ai<2 4 = a2a3. Applying Lie's third theorem 
(cf. [7]), system O), together with 

dA 2 = a-F, 

a : = -2((fli - fl 3 )(2«i + a 3 ) + (a 2 - a 4 )(2a 2 + a 4 )), F := (e\ A e 2 - e 3 A e 4 ) , 

has a solution in the Euclidean space K 6 . Moreover, there exists a 6-dimensional 
Lie group G{a\,a 2 , a 3 , a 4 ) such that e\, . . . , e 5 , A 2 constitute a basis of the left invari- 
ant 1-forms. Let M 5 be a submanifold of G{a\, a 2 , a 3 , a 4 ) such that the restricted 
forms ei,...,e 5 are linearly independent. On M 5 , we define a Riemannian met- 
ric and an almost contact metric structure by the condition that (ei,...,e 5 ) is an 
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adapted frame. The corresponding almost contact metric manifold will be denoted 
by M 5 (ai, a 2 , a 3 , a 4 ). The connection forms of the Levi-Civita connection with re- 
spect to {ei,...,es) are 

a)f 2 = A 2 , wf 3 = (fli +2a 3 )e 5 , wf 4 = (a 2 + 2a 4 )e 5 , 

wf 3 = (a 2 + 2a 4 )e 5 , wf 4 = -(ai + 2a 3 )e 5 > wf 4 = -A 2 , 

wf 5 = - (ai - a 3 ) e 3 - (a 2 - a 4 ) e 4 , wf 5 = - (a 2 - a 4 ) e 3 + (ai - a 3 ) e 4 , 

w| 5 = (ai - a 3 )ei + (a 2 - a 4 )e 2 , wf 5 = (a 2 - a 4 )ei - (ai - a 3 )e 2 . 

A direct computation involving these forms verifies that M 5 (ai, a 2 , a 3 , a 4 ) is a gen- 
eralized quasi-Sasaki manifold satisfying 

Ntf,X, Y)=2-dT](X, Y). 

As a consequence of theorem 3.1, there exists a unique metric connection V c that 
is compatible with the underlying almost contact metric structure. The 1-form A 2 
determines V c completely: 

V c x e 1 = A 2 (X)-e 2 , V c x e 2 = -A 2 (X) ■ e lt 

V c x e 3 = -A 2 (X)-e 4 , V c x e 4 = A 2 (X) ■ e 3 , V c e 5 = 0. 

In order to identify the algebraic types of both N and the torsion tensor of V c (cf. 
theorem 4.1 and proposition 3.2), we compute 

j + 2 ■ dr\ = 6a 3 • Z\ + 6a 4 • Z 2 , y-drj- 6ai • Z\ + 6a 2 • Z 2 , 

Z\ := e\ A e 3 - e 2 A e 4 , Z 2 := e\ A e 4 + e 2 A e 3 . 

We summarize our results as follows. 

Theorem 5.1. The almost contact metric manifold M 5 {a\, a 2 , a 3 , a 4 ) is a generalized 
quasi-Sasaki manifold. In addition, M 5 (ai, a 2 , a 3 , a 4 ) ^as the following properties: 

a) T^e Nijenhuis tensor N satisfies 

mt.X, Y)=2-dT](X, Y). 
Moreover, N is totally skew-symmetric (resp. traceless cyclic) if and only if 
a 3 = a 4 = (resp. a\ = a 2 - 0). 

b) The 2 -form F is closed. 

c) The curvature tensor R c : A 2 — u(2) of the connection V c is proportional to the 
projection onto {t ■ F 1 1 e U}: 

R c = a-F®F. 

d) The Ricci tensor ofV c is 

Ric c = -a-diag(l,l,l,l,0). 

e) There exist two V c -parallel spinor fields in the spin subbundle defined by the 
Clifford product F • W = 0. 
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Corollary 5.1. The almost contact metric 5 -manifold M 5 {a\, a 2 , a 3 , a 4 ) is of class 

W 4 © W 7 . 

Moreover, M 5 {a\,a 2 , a 3 , a 4 ) is of class W 4 (resp. class W 7 ) if and only if a?, = a 4 = (resp. 
a\ = a 2 = OJ. 

Since 

g ((v^ <p) (X), y) = (-202 - 4a 4 ) Z x (X, 7) + {2a x + 4a 3 ) Z 2 (X, Y), 
g{{S7 8 x (p) (0, 1") = (fl2 - fl4) Zi(X, 7) - - a 3 ) Z 2 (X, Y) 

and 

g((vJ (J ^)wm<pcz))=o, 

we deduce the following proposition. 

Proposition 5.1. The almost contact metric 5-manifold M 5 {ai,a 2 , a 3 , a 4 ) j's nearly 
cosymplectic (resp. quasi-cosymplectic) if and only if a\ = -5a 3 anda 2 = -5a 4 (resp. 
a\ — -2a 3 and a 2 = -2a 4 J. 

We now identify the Lie group G{a\,a 2 , a 3 , a 4 ) in those situations where at least 
one of the parameters a\, . . . , a 4 is zero, but 

a\ + a\ + a\ + a\ ^ 0. 

By definition, aia 4 = a 2 a 3 . Consequently, we consider the following four cases: 

i) a\ + a^^O and a 3 = a 4 = 0. 

ii) a\ + a\ ■£ and ai = a 2 = 0. 

iii) al + a^^O and a 2 = a 4 = 0. 

iv) a\ + ^ and ax = a 3 = 0. 

Proposition 5.2. J/a^ + a\ ^ 0, ffoe Lie group G{a\, a 2 , 0, 0) is locally isomorphic to 

S 3 x S 3 . 

Proof. Introducing the linearly independent 1 -forms 
u\ := 2 |ai • e\ + a 2 ■ e 2 + \J a\ + a\ ■ e 4 j , u 2 :=2 |-a 2 • ei + ai • e 2 + \J a\ + a\ ■ e 3 j , 



u 3 := A 2 + 2\Ja\Va\ • e 5 , 



v\ := 2 \a\ ■ e\ + a 2 ■ e 2 - y af + a?, ■ e 4 , v 2 :=2\ -a 2 -e\ + a\ -e 2 - yaf + a% -e 3 , 



^3:=^2-2^/af+a2-e 5 , 
system (★), together with dA 2 = a • F, is equivalent to 

dU\ = -U 2 AUs, dll 2 = -U3AU1, du.3 = -U\ a u 2 , 
dV\ = -V 2 A V3, dv 2 = -v 3 A V\, dV3 = -V\ a v 2 . 

□ 
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Example 5.1. As a result of proposition 5.2, the 5-dimensional Stiefel manifold (see 
[16]) 

V it2 = {(x,y) GlR 4 x IR 4 | (x,x) = (y,y) = 1, (x,y) = 0} c S 3 x S 3 , (x,y) = £>yi, 

i 

admits a non-integrable almost contact metric structure of class W4. The corre- 
sponding Nijenhuis tensor is non-trivial and totally skew- symmetric (cf. remarks 
2.1 and 3.1). 

Proposition 5.3. lfa\ + a\ ^ 0, the Lie group G(0, 0, a 3 , a 4 ) is locally isomorphic to 



SL(2,ro)xSL(2,R). 

Proof. We define 

U\ := \fl |a 3 ■ e\ + a 4 - e 2 + \J a\ + a\ ■ e 4 j , u 2 := \/2 |-a 4 • e\ + a 3 • e 2 + \J a\ + a\- e 3 j , 

u 3 '-= A 2 + yJa% + aj-e 5 
and 

v\ := \/2 |a 3 ■ e\ + a 4 ■ e 2 - \J a\ + a\ ■ e 4 j , v 2 := \/l |-a 4 • e\ + a 3 ■ e 2 - \J a\ + a\- ^3 j , 



v 3 := A 2 -y al + al-e 5 . 

Using these linearly independent 1 -forms, the equations of system (★), together 
with dA 2 = a-F, transform to 

du\ = -u 2 AU3, du 2 = - U3 A U\, du 3 = U\ AU 2 , 

dVi = -V 2 A V3, dv 2 = -V 3 AV\, dVs=V\AV 2 . 



□ 



Proposition 5.4. Let a\,...,a 4 he constants such that a 2 = a 4 = and 

a) a\ = a 3 ^ 0. 

b) -2ai = a 3 ^ 0. 

c) (ai - a 3 ) (2ai + a 3 ) > 0. 

d) (ai - a 3 ) (2ai + a 3 ) < 0. 

Then the corresponding Lie group G{a\, a 2 , a 3 , a 4 ) is locally isomorphic to 

a) IR 6 . 

b) H 5 xK. 

c) S^_xS^. 

d) SL(2,K) xSL(2,IR). 

Here, H 5 denotes the 5-dimensional Heisenberg group. 

Proof. Suppose a\ = a 3 ^ and a 2 = ^4 = 0- In this case, we have to solve 

de\ = A 2 a e 2 - 3a\ • e 3 A e$, de 2 = -A 2 a e\ + 3a\ • e 4 a e$, 
de 3 = -A 2 a e 4 + 3a\ • e\ a e$, de 4 = A 2 a e 3 - 3a\ • e 2 a e$, 
de$ = 0, dA 2 = 0. 
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Locally, each of the 1 -forms A 2 + 3a\ ■ e^, A 2 - 3ai ■ e$ is the differential of some func- 
tion, 

A 2 + 3ai • 65 = df, A2 — 3ai • e$ = dg. 

Introducing a new frame {u\, . . . , Uq) by 

ui := cos(/)(ei + e 4 ) -sin(/)(e 2 + e 3 ), u 2 := sin(/)(ei + e 4 ) + cos(/)(e 2 + e 3 ), 
u 3 : = cos(g)(ei - e 4 ) - sin(g)(e 2 - e 3 ), u 4 : = sin(g)(ei - e 4 ) + cos(g)(e 2 - e 3 ), 
u$ := A2 + 3ai • e$, u% := A 2 -3ai • 65, 

we obtain 

du\ = 0, du 2 = 0, du 3 = 0, du 4 = 0, du 5 = 0, du 6 = 0. 

We now suppose -2a\ = a 3 ^ and a 2 = a 4 = 0. Here, the equations reduce to 
d&\ — A 2 a e 2 , de 2 = -A 2 Ae\, de 3 = -A 2 Ae 4 , de 4 = A 2 Ae 3 , 
de$ = -6ai {e\ A e 3 - e 2 A e 4 ), rfA 2 = 0. 
Again, we introduce a new frame {u\,...,u§), 

ui := cos(/)(ei + e 4 ) -sin(/)(e 2 + e 3 ), w 2 := sin(/)(ei + e 4 ) + cos(/)(e 2 + e 3 ), 
u 3 := sin(/)(ei - e 4 ) + cos(/)(e 2 - e 3 ), u 4 := cos(/)(ei - e 4 )-sm{f){e 2 - e 3 ), 

u 5 :=-^—e 5 , u 6 := A 2 = df. 

Using {u\,...,Uq), the equations transform to 

dui-0, du 2 = 0, du 3 = 0, du 4 = 0, du 5 = 2{u\ A u 2 + u 3 A u 4 ), du 6 = 0. 

Finally, we suppose {a\ - a 3 ) {2a\ + a 3 ) ^ and a 2 = a 4 = 0. In this case, we define 
U\\=e\ + e 4 , u 2 :=e 2 + e 3 , u 3 := A 2 + {2a\ + a 3 )e5, 
v 1 :=ei-e 4 , v 2 :=e 2 -e 3 , v 3 := A 2 - {2a x + a 3 )e 5 , 
and system (★), together with dA 2 = a ■ F, is equivalent to 

du\ = -u 2 Au 3 , du 2 = -u 3 AU\, du 3 = -2{a\ - a 3 ){2a\ + a 3 )u\ A u 2 , 
dv\ = -v 2 A v 3 , dv 2 = -v 3 f\V\, dv 3 — —2{a.\ — a 3 ){2a\ + a 3 ) V\ A v 2 . 

□ 

Remark 5.1. After swapping a\ and a 2 as well as a 3 and a 4 , an analogous proof 
shows that proposition 5.4 remains valid. 
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